The work reported in this document was performed at Lincoln Laboratory, a center for research operated by Massachusetts Institute of Technology, with the support of the U.S. Air Force under Contract AF 19(628)-5167. The geometry of the array that is under discussion is shown in Fig. 2 .
Some Properties of a Scanned
The N-elements are arranged on a circle of radius a, located in the x-y plane and phased to point the resultant beam at an angle $ (6 = 90°). Each element is positioned by the angle coordinate (j> where ♦.-$«■-*:
The current on the i element is given by
where di. =-ka cos(6 -<b ) T i on Now the field due to the i element is j ijj. + kacos(cj)-c}) n ) E. = e l (3) or jka
The total field is obtained by summing all E., or
This can be written in the equivalent form as
We see from Eq. (4) that when <\ > = $ , or the beam points to an element position angle, E(c})) does not depend on cj) . This means that any variations that occur in E(cj>) have a periodicity of the inter-element angular spacing, and we need to study only half that interval to obtain all the scan pattern variations, Now Eq. (5) may be transformed by using Bessel's expansion:
putting the result in a form, that is for large N, easier to analyze. That is, So it is evident that terms containing J,(u) are negligible, at least at the o null of E((j>). We can say that for N> 6 all the array patterns null at nearly the same angle, given by
The 3 db beamwidth can be computed similarly, i. e. ,
Also, the first side lobe will have a level of -7. 9 db located at an angle
We can now give the array plane pattern for all ring arrays with N > 6, as shown in Fig. 3 . For N = 4, 5 the beamwidth and null position will be nearly the same as in Fig. 3 but the side lobe level will be completely different. It should be noted that the condition u ^ 2 ka is necessary for <j) to be real, and hence the pattern to be in the visible region. The pattern of the array in the plane normal to the array plane, for isotropic sources, can be analyzed in a similar manner to obtain the result
This is the same form previously given except for a change in the argument of J (u). One might ask -how can we get directivity in a plane orthogonal to the array plane for isotropic sources? The answer is seen when one "collapses"
the point sources along a line and it is observed that we have an end fire array with tapered amplitude distribution. This is known to produce two-plane directivity; the well known Yagi antenna being an example of this principle.
Of course, if array elements such as dipoles are considered, then the array pattern must be modified to take into account the element pattern. Figures   4 and 5 show the array 3 db beamwidth vs. array diameter (ka) for the "in-plane" and "out-of-plane" cases. We can now estimate the gain of the antenna array by using the well known expression Using the data in Figs. 4 and 5 we get the result shown in Fig. 6 as a gain estimate. Notice that the gain given is referenced to the gain of an element.
These curves tell us that for a satellite of about 1\ diameter, we can expect beamwidths not less than 60° wide and total gains of 10 -1 2 db over isotropic.
(This assumes that monopoles are used and the top and bottom arrays are spaced 0. 7\. ) More exact gain calculations presented later show that the gain estimates of Fig. 6 are quite good.
Equation (4) ( Fig. 8) for example, show a back lobe for some scan angles whose intensity equals that of the main beam. With a beamwidth of 58° compared to 56° from Fig. 3 , we see that the beamwidth approximation is still good for N = 4. For the detailed study of an array pattern, the more exact formula (Eq. 5) is necessary, but the approximations are still generally quite useful.
We now turn our attention to the problem of the variation of the input impedance of each dipole element during scan and also a calculation of the gain of the array. Figure 9 shows the dipole array geometry. Since the impedance of a monopole over a infinite ground plane is one-half that of a dipole the results of the calculations here are easily modified to include the monopole case.
The input impedance of an array element is given by the circuit equations The program computes the following:
1. All mutual impedances Z .. A typical calculation result is shown in Fig. 10 . The gain variation is seen to be very small. However, the input impedance variation is quite large.
In fact, some combinations of parameters even lead to negative real values of input impedance. This indicates that more power is flowing towards the generator for that element, than away from it. An operating condition that one would certainly wish to avoid. To show the variations in a more readily understandable format, we have normalized the dipole input impedance values to 100 ohms and plotted them on a Smith Chart. This is equivalent to normal- 
